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a b s t r a c t
This paper presents a perturbation analysis study of the flow of an electrically conducting
power-law fluid in the presence of a uniform transverse magnetic field over a stretching
sheet. The perturbation solutions for small and large values of the mixed convection
parameter are explored. The asymptotic behavior of the solutions was examined for
different values of the power-law index and the magnetic parameter.
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1. Introduction
In the present paper, we will examine the perturbation solution of a magnetohydrodynamic boundary layer flow of
a power-law fluid over a stretching sheet. This flow is governed by the following nonlinear differential equation (see
Cortell [2]):
n
(−f ′′)n−1 f ′′′ − (f ′)2 + 2n
n+ 1 ff
′′ −mf ′ = 0 (1)
where the prime denotes differentiation with respect to the independent similarity variable η, and f represents a stream
function defined on the interval η ∈ [0,∞]. The magnetic parameterm is a measure of the relative strength of the imposed
magnetic field [3] while n is called the power-law index which characterizes the non-Newtonian [4] boundary layer flow.
The problem is supplemented with the following boundary conditions:
f (0) = 0, f ′(0) = 1+ λ, f ′(∞) = 1 (2)
where λ is a convection parameter. Problem (1) was first formulated by Anderson et al. [5]. Cortell [2] presented a numerical
study of this magnetohydrodynamic boundary layer flow; the solutions were obtained using Runge–Kutta algorithm for
high-order initial-value problems. Recently, Liao [6] employed a homotopy analysis approach to obtain analytical solutions
of the non-Newtonian flow problem for certain indicated values of the parameter. The case when the power index n = 1,
which corresponds to Newtonian boundary layer flow, has been studied extensively in the literature. For instance, Nazar
et al. [1] obtainednumerical solutions for the casen = 1,m = −1byutilizing theKeller-Boxmethod. Further the asymptotic
solutions for small and large values of the convection parameter were also examined. The purpose of this paper is to study
a perturbation solution [7] of the flow governed by Eq. (1) subject to the boundary conditions (2) for different small and
large values of the convection parameter λ. Asymptotic results for given values of the power-law index and the magnetic
parameter are obtained.
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The rest of this paper is organized as follows. In Section 2, a perturbation analysis of the boundary-value problem (1)
and (2) is presented. In Section 3, a perturbation analysis for small and large values of the mixed convection parameter λ is
examined. The asymptotic behavior of the solutions is obtained for specific values of the power-law index and themagnetic
parameter.
2. Analysis
In this section, we introduce a perturbation analysis of Eqs. (1) and (2) that govern the magnetohydrodynamic boundary
layer flow. In order to determine the asymptotic solution, we first define the new transform function
f (η) = λcF(η), where η = λdη (3)
where c and d are constants to be determined later. It follows that
f ′(η) = λc+dF ′(η), f ′′(η) = λc+2dF ′′(η), f ′′′(η) = λc+3dF ′′′(η) (4)
where primes of F now denote differentiation with respect to η. Substituting Eqs. (3) and (4) into the governing differential
equation (1) leads to
n
(−λc+2dF ′′)n−1 λc+3dF ′′′ − (λc+dF ′)2 + 2n
n+ 1λ
cFλc+2dF ′′ −mλc+dF ′ = 0 (5)
or equivalently reduces to
nλnc+2nd+d
(−F ′′)n−1 F ′′′ − λ2c+2d (F ′)2 + 2n
n+ 1λ
2c+2dFF ′′ −mλc+dF ′ = 0. (6)
The λ-terms are λnc+2nd+d, λ2c+2d, λ2c+2d, and λc+d.
Case I.We try to balance the λ-terms in (6) by requiring the first three terms to be the same. This is achieved if we set
nc + 2nd+ d = 2c + 2d. (7)
If we further need the last term to reduce to 1
λ
, we have to impose the extra condition
c + d = 1. (8)
Solving Eqs. (7) and (8) for c and dwe get
c = 2n− 1
n+ 1 and d =
2− n
n+ 1 . (9)
Note that Eqs. (7) and (8) have no solution for n = −1; this case is not relevant for our problem since Eq. (1) is well defined
for n 6= 1. For these values of c and d, the perturbation equation (6) reduces to
n
(−F ′′)n−1 F ′′′ − (F ′)2 + 2n
n+ 1FF
′′ −mF ′ = 0 (10)
where we have set  = 1
λ
. This way we obtain a perturbed differential equation in terms of the small parameter , or
equivalently in terms of large values of the mixed convection parameter λ. The boundary conditions in (2) become
F(0) = 0, F ′(0) = 1+ , F ′(∞) = . (11)
In particular, if the power-law index in Eq. (1) is n = 1, which corresponds to Newtonian flow, then it follows from Eq. (9)
that c = 1/2 and d = 1/2. Therefore, the new transform function (3) for this particular case becomes f (η) = λ1/2F(η), η =
λ1/2η. This is the same transform thatwas introduced and used byNazar et al. [1]. In Table 1, we list some specific transforms
that correspond to the specified values of n. These specific transforms are needed to reduce Eq. (1) into the form (10) via the
transform function in (3), and thus make the perturbation solution easier to obtain.
This case occurs as the surface temperature of the plate is suddenly increased considerably (by a large value of the
convection parameter λ) from that of the ambient temperature, or when the flow is driven by a flat plate which moves
with a prescribed initial velocity that has suddenly increased significantly.
Case II. The λ-terms in Eq. (6) can be balanced in a second way via balancing the last three λ-terms. If we require c + d = 0
and nc + 2nd+ d = 1 we obtain the perturbed equation
nλ
(−F ′′)n−1 F ′′′ − (F ′)2 + 2n
n+ 1FF
′′ −mF ′ = 0 (12)
which can be studied for small λ. The two equations give
c = − 1
n+ 1 and d =
1
n+ 1 . (13)
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Table 1
Transform function for various values of the power-law index n.
n c d Transform function
3 5/4 −1/4 f (η) = λ5/4F(λ−1/4η)
3/2 4/5 1/5 f (η) = λ4/5F(λ1/5η)
0 −1 2 f (η) = λ−1F(λ2η)
−1/2 −4 5 f (η) = λ−4F(λ5η)
−2 5 −4 f (η) = λ5F(λ−4η)
These resulting values for c and d will yield the transform function in (3) that is necessary to transform Eq. (1) into the
perturbed Eq. (12). This case occurs as the surface temperature of the plate is suddenly increased by a small amount (by
a small value of λ) from that of the ambient temperature, or when the flow is driven by a flat plate which moves with a
prescribed initial velocity that has suddenly increased by a small amount.
Case III. The λ-terms in Eq. (6) can be balanced in a third alternate way via balancing the first and last λ-terms. This can be
accomplished by setting nc + 2nd+ d = c + d and 2c + 2d = 1. Solving these two equations gives
c = n
n+ 1 and d =
1− n
2n+ 2 (14)
and the resulting perturbed equation is
nλ1/2
(−F ′′)n−1 F ′′′ − λ (F ′)2 + λ 2n
n+ 1FF
′′ −mλ1/2F ′ = 0 (15)
or equivalently, upon setting  = λ1/2, we have
n
(−F ′′)n−1 F ′′′ −  (F ′)2 +  2n
n+ 1FF
′′ −mF ′ = 0. (16)
This case occurs as the surface temperature or the initial velocity of the plate is suddenly increased by a small amount, but
relatively larger than in case II. The term involving the magnetic parameter m is affected, unlike case II where the term
containing the power-law index n is influenced by the small sudden increase of the initial velocity or temperature of the
plate.
3. Asymptotic solution
In this section, we examine the asymptotic behavior of the solutions of Eq. (10) subject to conditions (11) for small value
of  (or equivalently large value of the mixed convection parameter λ) and large value of  (small λ).
I. Asymptotic behavior of the solution for small  (large λ).
We assume a perturbation series expansion solution of the form:
F(ξ) = F0(ξ)+ F1(ξ) + F2(ξ)2 + · · · (17)
where ||  1. For convenience we will replace the variable η by ξ .
If
G(ξ) = G0(ξ)+ G1(ξ) + G2(ξ)2 + · · · (18)
then the Taylor series expansion of Gα(ξ) about  = 0 is given by
Gα = Gα0 + αGα−10 G1  +
1
2
αGα−20
[
2G0G2 + (α − 1)G21
]
2
+ 1
6
αGα−30
[
6G20G3 + 6(α − 1)G0G1G2 + (α2 − 3α + 2)G31
]
3 + · · · . (19)
For our case, the nonlinear term is
(−F ′′)n−1 which we will expand about  = 0 as in (18) and (19) where G = −F ′′ and
α = n− 1. This gives(−F ′′)n−1 = (−F ′′0 )n−1 + (n− 1) (−F ′′0 )n−2 (−F ′′1 ) 
+1
2
(n− 1) (−F ′′0 )n−3 [2 (−F ′′0 ) (−F ′′2 )+ (n− 2) (−F ′′1 )2] 2 + O(3). (20)
First, we substitute the expansion (17) into Eq. (10) and the boundary conditions (11). Upon matching both sides leads to
the following equation for the function F0:
n
(−F ′′0 )n−1 F ′′′0 − (F ′0)2 + 2nn+ 1F0F ′′0 = 0 (21)
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Table 2
The values of f ′′(0) for various choices of n andm.
n m f ′′(0)
1 −2 λ3/2 (−1− 0.31568λ−1 + 2.27813λ−2 + · · ·)
1 −1 λ3/2 (−1− 0.81559λ−1 + 0.44966λ−2 + · · ·)
1 0.5 λ3/2
(−1− 1.56544λ−1 − 1.82645λ−2 + · · ·)
1 1 λ3/2
(−1− 1.81539λ−1 − 2.46073λ−2 + · · ·)
1 2 λ3/2
(−1− 2.31530λ−1 − 3.54264λ−2 + · · ·)
−0.5 −2 λ6 (−0.10778− 0.17182λ−1 − 0.35129λ−2 + · · ·)
−0.5 −1 λ6 (−0.10778− 0.01423λ−1 − 0.00142λ−2 + · · ·)
−0.5 0.5 λ6 (−0.10778+ 0.22216λ−1 + 0.10982λ−2 + · · ·)
−0.5 1 λ6 (−0.10778+ 0.30096λ−1 + 0.03661λ−2 + · · ·)
−0.5 2 λ6 (−0.10778+ 0.45855λ−1 − 0.27522λ−2 + · · ·)
−2 −2 λ−3 (−0.09634+ 0.00321λ−1 − 0.00239λ−2 + · · ·)
−2 −1 λ−3 (−0.09634+ 0.00477λ−1 − 0.00014λ−2 + · · ·)
−2 0.5 λ−3 (−0.09634+ 0.00712λ−1 + 0.00313λ−2 + · · ·)
−2 1 λ−3 (−0.09634+ 0.00740λ−1 + 0.00420λ−2 + · · ·)
−2 2 λ−3 (−0.09634+ 0.00947λ−1 + 0.00629λ−2 + · · ·)
subject to the boundary conditions
F0(0) = 0, F ′0(0) = 1, F ′0(∞) = 0. (22)
As for the function F1, it satisfies the nonlinear differential equation
n
(−F ′′0 )n−1 F ′′′1 − n(n− 1) (−F ′′0 )n−2 F ′′1 F ′′′0 − 2F ′0F ′1 + 2nn+ 1 [F0F ′′1 + F1F ′′0 ]−mF ′0 = 0 (23)
subject to the boundary conditions
F1(0) = 0, F ′1(0) = 1, F ′1(∞) = 1. (24)
Finally, the function F2 satisfies the nonlinear differential equation
n
(−F ′′0 )n−1 F ′′′2 − n(n− 1) (−F ′′0 )n−2 F ′′1 F ′′′1 + 12n(n− 1) (−F ′′0 )n−3 [2F ′′0 F ′′2 + (n− 2) (F ′′1 )2] F ′′′0
−
[
F ′0F
′
2 +
(
F ′1
)2 + F ′0F ′2]+ 2nn+ 1 [F0F ′′2 + F1F ′′1 + F2F ′′0 ]−mF ′1 = 0 (25)
subject to the boundary conditions
F2(0) = F ′2(0) = 0, F ′2(∞) = 0. (26)
The functions F0, F1 and F2 are determined numerically using the computer algebra system Maple by solving Eqs. (21)
through (26). Upon using Eqs. (3) and (9) we get the value for f ′′(0). In Table 2, we have computed the values of f ′′(0)
for various choices ofm and n.
The special case when n = 1 andm = −1 in Eq. (1) was discussed by Nazar et al. in [1]. The asymptotic behavior of the
solutions for small and large values of the mixed convection parameter  was examined when the flow becomes steady. For
the case n = 1,m = −1, the value of f ′′(0) obtained by Nazar et al. is similar to the one we obtained in Table 2.
II. Asymptotic behavior of the solution for large  (small λ).
For such a case we do not need to use the function transform given in (3). We assume a perturbation series expansion
solution, of Eq. (1) subject to conditions (2) for small value of λ, of the form:
f (η) = f0(η)+ f1(η)λ+ f2(η)λ2 + · · · (27)
where |λ|  1.
Analogous to the result in Eq. (20), the expansion of the nonlinear term
(−f ′′)n−1 about λ = 0 is given by(−f ′′)n−1 = (−f ′′0 )n−1 + (n− 1) (−f ′′0 )n−2 (−f ′′1 ) λ
+ 1
2
(n− 1) (−f ′′0 )n−3 [2 (−f ′′0 ) (−f ′′2 )+ (n− 2) (−f ′′1 )2] λ2 + O(λ3). (28)
First, we substitute the expansion (27) into Eq. (1) and the boundary conditions (2) and utilize the expansion in Eq. (28).
Upon matching both sides leads to the following three sets of equations in f0, f1 and f2:
n
(−f ′′0 )n−1 f ′′′0 − (f ′0)2 + 2nn+ 1 f0f ′′0 −mf ′0 = 0 (29)
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Table 3
The values of f ′′(0) for various choices ofmwith n = 1.
n m f ′′(0) f ′′(0)(Nazar et al. [1])
1 −2 1.33315− 1.10799λ− 0.40316λ2 + · · ·
1 −1 −1.25331λ− 0.40689λ2 + · · · −1.2533λ−0.4068λ2+· · ·
1 0.5 −1.21630− 1.62417λ− 0.33925λ2 + · · ·
1 2 −1.73203− 2.02070λ− 0.26460λ2 + · · ·
subject to the boundary conditions
f0(0) = 0, f ′0(0) = 1, f ′0(∞) = 1. (30)
As for the function f1(η), it satisfies the nonlinear differential equation
n
(−f ′′0 )n−1 f ′′′1 − n(n− 1) (−f ′′0 )n−2 f ′′1 f ′′′0 − 2f ′0f ′1 + 2nn+ 1 [f0f ′′1 + f1f ′′0 ]−mf ′1 = 0 (31)
subject to the boundary conditions
f1(0) = 0, f ′1(0) = 1, f ′1(∞) = 0. (32)
The function f2(η) satisfies the differential equation
n
(−f ′′0 )n−1 f ′′′2 − n(n− 1) (−f ′′0 )n−2 f ′′1 f ′′′1 + 12n(n− 1) (−f ′′0 )n−3 [2f ′′0 f ′′2 + (n− 2) (f ′′1 )2] f ′′′0
−
[(
f ′1
)2 + 2f ′0f ′2]+ 2nn+ 1 [f0f ′′2 + f1f ′′1 + f2f ′′0 ]−mf ′2 = 0 (33)
subject to the boundary conditions
f2(0) = f ′2(0) = 0, f ′2(∞) = 0. (34)
Analogous to case I, the functions f0, f1 and f2 are determined numerically using the computer algebra system Maple by
solving Eqs. (29) through (34). In Table 3, we have computed the values of f ′′(0) for various choices ofmwhere n = 1.
The special case when n = 1 andm = −1was discussed by Nazar et al. in [1]. For this case, the value of f ′′(0) obtained by
Nazar et al. is similar to the one we obtained in Table 3. In summary, we have constructed asymptotic solutions to problem
(10) subject to conditions (11) when the mixed convection parameter λ is large or small. This is equivalent to either large
or small initial velocity of the plate, or sudden increase of the prescribed initial temperature of the flat surface.
In conclusion, the perturbation solutions of a magnetohydrodynamic boundary layer flow of a fluid over a stretching
sheet (10) and (11) are examined for different small and large values of the convection parameter λ. In order to make the
perturbation solutions easier to obtain, a general transform is developedwhich is valid for different values of the power-law
index n (see Table 1). The computer algebra system Maple is manipulated to find numerical solutions for various values of
n and different magnetic parametersm (see Tables 2 and 3). The results agree with those obtained by Nazar et al. [1] for the
case when n = 1, that is for Newtonian fluid. However, in this paper, we have generalized the perturbation analysis in order
to handle non-Newtonian boundary layer problems, that is for n 6= 1. Here, n < 1 represents shear thinning and n > 1
shear thickening fluid.
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